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Collaborators

Instructions

Problem 2 guides you in developing a new algorithm for maximum flow. Problems 1 and 3-5
are designed to demonstrate how the problems we are learning about in class are more generally
applicable than one might expect. A major goal of the course is not only to learn how to solve these
fundamental problems, but to recognize when a naturally occurring problem is a thinly disguised
version of one of the problems we have covered.

Some of these problems are hard! You are encouraged to work together on them or come to
me if you are stuck. However, you should write up your solutions yourself. Please list the people
you worked with at the top of your submission. Looking for answers on the internet is not allowed,
nor is working with an AI-powered system for any part of this assignment. You must understand
everything you submit and I reserve the right to ask you to orally explain your answer to me. You
may write your solutions by hand or in latex. Either way, submit them on gradescope by 10:00pm
on Tuesday, September 23. Good luck!
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Problem 1 - Network Resiliency (10 points)

Let’s say you’re in charge of a mobile phone company. You set up a network of cell phone lines
across the country so that many towns and cities are covered. Of course, you also want to ensure a
consistent and reliable experience for all your customers. Since cell-phone lines commonly go down
due to any number of reasons, you want to make sure to build some redundancy into your network.
This is called fault-tolerant network design, and is useful for all sorts of applications, including
transportation networks, energy networks and even supply chains.

The redundancy of a network to edge failures is formalized by the following definition. We use
a directed graph for concreteness but a similar definition can be made for undirected graphs too.
We call a set of paths edge-disjoint if they do not have any edges in common.

Definition. In a directed graph G, we say that two vertices a and b are 2-edge-connected if there
are two edge-disjoint directed paths from a to b in G. More generally, a and b are k-edge-connected
if there are k edge-disjoint directed paths from a to b in G.
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Figure 1: Vertices a and b are 3-edge-connected because there are three paths from a to b which
share no edges: {a → b}, {a → d → e → f → c → b}, and {a → e → b}.

(a) What is the edge-connectivity from a to f in the graph pictured above?

(b) The reason that k-edge-connectivity is used as a measure of fault tolerance is that it encodes
how many edges can fail while preserving connectivity. Explain why, if two vertices a and b
are k-edge-connected in a graph G, then there will still be a path from a to b even after any
set of k − 1 edges are deleted from G.

(c) The notion of network resiliency is very related to flows and cuts. Given a directed graph
G, and two vertices s and t, give an algorithm to compute the maximum edge-connectivity
between s and t. (Hint: what should be the capacity on each edge?).

(d) Explain why, if s and t are k-edge-connected in G, then the minimum s − t cut value is at
least k.

(e) Show that k-edge-connectivity is transitive. That is, show that if there are k edge-disjoint
paths from a and b, and k edge-disjoint paths from b and c, then there are k edge-disjoint
paths from a to c.

[Hint: use the observation in problem 4]
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Problem 2 - The Widest Path Method (35 points)

This problem explores another natural heuristic for choosing a good augmenting path. Recall
that in the Edmonds-Karp algorithm, we choose the shortest augmenting path from s to t in the
residual network Gf in each iteration. Suppose that instead, we always select the augmenting path
on which we can push the most flow.

For example, in the network in Figure 2, this algorithm would push 3 units of flow on the path
s → v → w → t in the first iteration, and 2 units on s → w → v → t in the second iteration.

s

v

w

t

3 (3)

2

2

5 (3)

3 (3)

Figure 2: Edges show capacity; flow in parentheses.

(a) Recall how Dijkstra’s shortest path algorithm computes the shortest length path between a
pair of nodes in a graph. Write down the algorithm at a high level in pseudo-code (this will
be helpful for part (b)).

(b) Define the bottleneck capacity of a path to be the minimum weight of edges along that path.
Show how to modify Dijkstra’s shortest-path algorithm so that it computes an s-t path with
maximum possible bottleneck capacity.

This shows how we can implement one iteration of the Widest Path Method. Our next step
will be to analyze how many iterations this method can take in the worst case.

(c) Suppose G is a flow network, and the maximum-flow value in G is F ∗. Suppose f is a current
flow in G of value F , and let Gf be the corresponding residual network. Show that the
maximum s-t flow value in Gf is equal to F ∗ − F .

(d) You may assume the answer to part (c) to solve this question. Suppose G is a flow network
with max-flow value F ∗ and f is a flow of value F in G. Show that there is an augmenting
path in Gf such that every edge has residual capacity at least (F ∗ − F )/m, where m = |E|.
[Hint: if ∆ is the maximum amount of flow that can be pushed on any s-t path of Gf , consider
the set of vertices reachable from s along edges in Gf with residual capacity more than ∆.
Relate the capacity of this (s, t)-cut in Gf to F ∗ − F .]

(e) You may assume the answer to part (d) to solve this question. Prove that the Widest-Path
variant of the Ford-Fulkerson algorithm terminates within O(m logF ∗) iterations, where F ∗

is defined as in the previous problem.

[Hint: you might find the inequality 1− x ≤ e−x for x ∈ [0, 1] useful.]
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Problem 3 - Friendship is Magic! (20 points)

In sociology, one often studies a graph G in which nodes represent people and edges represent
those who are friends with each other. Let’s assume for purposes of this question that friendship
is symmetric, so we can consider an undirected graph.

Now suppose we want to study this graph G, looking for a “close-knit” group of people. One
way to formalize this notion would be as follows. For a subset S of nodes, let E(S) denote the
number of edges in S - that is, the edges that have both endpoints in S. We define the cohesiveness
of S as |E(S)|/|S|. A natural thing to search for would be a set S of people achieving the maximum
cohesiveness. As usual, let n be the number of vertices in G and m be the number of edges.

(a) Show that the problem of finding a set S with cohesiveness greater than α is equivalent to
finding a set S of vertices satisfying (m− |E(S)|) + α|S| < m.

(b) Give a polynomial-time algorithm that takes a rational number α and determines whether
there exists a set S with cohesiveness greater than α.

Hint: Check if the minimum s, t-cut in a new graph is less than m.

Hint:ThenewgraphshouldhaveanodeforeachedgeinEandvertexinV

(c) Show that the value of |E(S)|/|S| for any set S is at least 0 and at most n.

(d) Show that difference between |E(A)|/|A| and |E(B)|/|B| is either 0 or at least 1/n2.

(e) Give a polynomial-time algorithm to find a set S of nodes with maximum cohesiveness. You
may assume the answers to parts (b) – (d).
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Problem 4 - n degrees of Bacon (20 points)

Some friends of yours have grown tired of the game “Six Degrees of Kevin Bacon” (after all,
they ask, isn’t it just breadth-first search?) and decide to invent a game with a little more punch,
algorithmically speaking. Here’s how it works.

You start with a set X of n actresses and a set Y of n actors, and two players P0 and P1. Player
P0 names an actress x1 ∈ X, player P1 names an actor y1 who has appeared in a movie with x1,
player P0 names an actress x2 who has appeared in a movie with y1, and so on. Thus, P0 and
P1 collectively generate a sequence x1, y1, x2, y2, . . . such that each actor/actress in the sequence
has co-starred with the actress/actor immediately preceding. A player Pi, (where i ∈ {0, 1}) loses
when it is Pi’s turn to move, but they cannot name a member of their set who hasn’t been named
before.

Suppose you are given a specific pair of such sets X and Y , with complete information on who
has appeared in a movie with whom. A strategy for Pi, in our setting, is an algorithm that takes
a current sequence x1, y1, x2, y2, . . . and generates a legal next move for Pi (assuming it’s Pi’s turn
to move). Give a polynomial-time algorithm that decides which of the two players can force a win,
in a particular instance of this game.
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Problem 5 - Matrix Rounding (15 points)

In class, we have seen how to solve maximum flow problems where there are upper bounds
(capacities) on the amount of flow that can be carried by each edge. What if there is also a
minimum amount of flow that should be sent on the edges? It turns out that the maximum flow
problem with lower and upper bounds on each edge can be reduced to the standard maximum flow
problem (which only has upper bounds). If you want to know how this is done, you can read, for
example, Section 25.1 of these notes. This is optional reading, but what you should know for the
remainder of this problem is this:

In a flow network G = (V,E) with source s, sink t and maximum and minimum capacities ℓe
and ce for each edge e, there is an integer maximum-flow f from s to t which satisfies ℓe ≤ f ≤ ce
for all edges e ∈ E, and this can be computed in polynomial time.

(a) Suppose we are given an m×n matrix A of non-negative real numbers. Our goal is to round A
to an integer matrix by replacing each entry x in A with either ⌊x⌋ or ⌈x⌉, without changing
the sum of entries in any row or column of A.

For example:  1.2 3.4 2.4
3.9 4 2.1
7.9 1.6 0.5

 →

 1 4 2
4 4 2
8 1 1


(b) Give a polynomial time algorithm that either rounds the matrix A in this fashion, or reports

correctly that no such rounding is possible.

(c) Suppose that all row and column sums of A are integral. Explain why such a rounding is
guaranteed to exist.
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